CHAIN FLARING AND L?’-TORSION OF FREE-BY-CYCLIC GROUPS

MATT CLAY

ABSTRACT. We introduce a condition on the monodromy of a free-by-cyclic group, G4, called the
chain flare condition, that implies that the L?—torsion, p<2>(G¢), is non-zero. We conjecture that
this condition holds whenever the monodromy is exponentially growing.

1. INTRODUCTION

The L?-torsion, denoted p(2)(G), is an analytical group invariant that is well-defined for a large
class of L?-acyclic groups, i.e., a group whose L?-homology vanishes. (For the remainder, when
we speak of the L?-torsion of an L?-acyclic group G, we implicitly assume that G is in this class,
which conjecturally includes all L?-acyclic groups; see [25, Section 13] and [26, Section 13].) This
invariant is a real number and it behaves similarly to Euler characteristic in the sense that it is
multiplicative under covers and that there exists a sum formula along pushouts. If G is L?-acyclic
and G contains an elementary amenable normal subgroup, then it was shown by Wegner that
pP(G) = 0 [37], see also [25, Theorem 3.113]. In addition, there are a variety of conjectures and
partial results relating the L?-torsion of a group to the growth of torsion in homology; see the
survey articles by Liick [20, Section 7] and [24, Section 3.6].

In the setting of the fundamental groups of 3-manifolds, the L?~torsion was computed by Liick—
Schick [27]. We recall their results in the context of an orientable 3-manifold that fibers over S1
as this parallels the setting considered in this paper. Assuming for simplicity that the fiber is
connected, such a 3—manifold is homeomorphic to a mapping torus:

> x 10,1
My =200/ oy~
where f: ¥ — X is a homeomorphism of an orientable connected surface ¥. Given such a homeo-
morphism f: ¥ — X, let C be the canonical cut system for f and assume for simplicity that each
complementary component X3 C ¥ —C, s=1,...,5, is fixed by f. Thus the restriction of f to X,
determines a sub-mapping torus My, € My. As C is the canonical cut system for f, the restriction
of f to X is, up to homotopy, either periodic or pseudo-Anosov. When the restriction of f to X is
pseudo-Anosov, Thurston proved that the manifold My admits a complete hyperbolic metric [34].
The work of Liick-Schick in this setting shows that —p(®) (71 (M})) equals & times the sum—over
the indices 1 < s < .S where the restriction of f to g is pseudo-Anosov—of the volumes of these
hyperbolic sub-mapping tori My . In particular, the L?torsion is determined by the exponential

dynamics of f. Combining this with work of Gromov [158], Soma [32] and Thurston [33], this im-
plies that the L?~torsion —p(?)(mr1(M;)) is proportional to the simplicial volume || M. Similarly,
combining this with work of Pieroni [30] this also implies that the L?~torsion is proportional to the

cube of the minimal volume entropy w(M; ).

Building onto the established research by Algom-Kfir-Hironaka—Rafi [1], Dowdall-Kapovich—
Leininger [11, 12, 13], Funke-Kielak [17] and others of studying free-by-cyclic groups analogously
to 3-manifolds that fiber over ST, the aim of this paper is to study the L?-torsion of a free-by-cyclic
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group, in particular, trying to understand when this invariant is non-zero. A free-by-cyclic group
is a group that fits into a short exact sequence:

1-F—-G—->7Z—1

where F is a finitely generated free group and hence it admits a presentation as a semi-direct
product:

G =TF xg (t) = (F,t |t ‘ot = O(z) for x € F)
where ® € Aut(IF). Changing the automorphism ¢ within its outer automorphism class amounts
to replacing the generator ¢ by tx for some x € F and so we are justified in denoting the above
defined group by G4 where ¢ = [®] € Out(F).

Previously, building off of work by Liick [25, Section 7.4], the author showed how to compute
—p?(Gy) using a topological representative f: T' — T' of ¢ € Out(F) [9]. Similar to the setting
of 3-manifolds that fiber over S! mentioned above, it was shown that —p()(G}) can be expressed
using a topological representative f: I' — T' for ¢ € Out(F). In this context, I' is a graph, f
is a homotopy equivalence and there is filtration ) = 'y € I'; C --- C T's = T" by subgraphs
that is respected by f in the sense that f(I's) C I'y for each s = 1,...,S. Foreach 1 < s < S,
there is a non-negative integer matrix M (f)s that records the number of times the image of an
edge in I'y — I'y_1 crosses an edge in I'y — I'y_;. Enlarging the filtration if necessary, we can
assume that each matrix M (f)s is either the zero matrix or it is irreducible. With this set-up
—p?(Gy) is expressed as a sum over the the indices 1 < s < S where M(f)s is irreducible and
has Perron—Frobenius eigenvalue strictly greater than 1; this subset of indices is denoted EG(f).
Each term in the summation is the logarithm of the Fuglede-Kadison determinant of an operator
associated to the restriction of f to the subgraph I's. Hence, as mentioned previously in the setting
of 3-manifolds that fiber over S', the L?-torsion of a free-by-cyclic group is determined by the
exponential dynamics of the monodromy f. While the simplicial volume of a free-by-cyclic group is
not well-defined, the minimal volume entropy is. It was recently shown by Bregman and the author
that the L?-torsion —p(2)(G¢) is not proportional to the square of the minimal volume entropy
w(Gy)? in general [0].

Liick has shown that —p() (G) is non-negative for any free-by-cyclic group [25, Theorem 7.29].
The main result in the author’s previous work [9] provides an upper bound on —p(2)(G¢) in terms
of the data previously described, namely the matrices M(f)s. In particular, it was shown that
—p®(Gg) = 0 when ¢ is polynomially growing, i.e., EG(f) = 0. In this paper, we suggest a
strategy to show that —p(2)(G¢) > 0 whenever ¢ is exponentially growing, i.e., £G(f) # 0. To

this end, we introduce a condition, called the chain flare condition, and prove that this implies
—p(Q)(G¢) > 0.

Theorem 1.1. Suppose that f: T' — I is a homotopy equivalence that respects the reduced filtration
f=TocTlyC--Clg=T andthat f: T —= T represents the outer automorphism ¢ € Out(F). If
the restriction of f to I, satisfies the chain flare condition relative to T, NTs_1 for each s € EG(f),

then
-G - Y

s€EG(f) <l
Moreover, each integral in (1.1) is positive and hence —p(z)(G¢) > 0.

‘log |z dpr, - (1.1)

In Theorem 1.1, the filtration ) =Ty C T'; C --- C I's = I being reduced means that there is a
single component I'; C 'y that is not contained in T's_;. The measures j,, , appearing in (1.1) are
the Brown measures [3] associated to the operators Ly s: L%(Gg)™ — L?(Gg)™ (ns is the number
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of edges in I's — I's_1). These operators are described fully in Section 3.3, but briefly, they are
induced from the vertical flow in the universal cover of the mapping torus for f.

The chain flare condition is the linear analog of the annuli flare condition of Bestvina—Feighn [3]
that has been successfully employed by Bestvina—Feighn—Handel [!] and Brinkmann [7] to prove
hyperbolicity of certain free-by-cyclic groups, and more generally by Kapovich [22] and Mutan-
guha [28] to prove hyperbolicity of certain ascending HNN-extensions over free groups. Full details
regarding the chain flare condition will be given in Section 2, but we provide a quick explana-
tion here. We can lift the topological representative f: I' — F of ¢ € Out(F) to a cellular map
f I — T where I' is the universal cover of the graph I'. This map is not F-equivariant, but
satisfies f(gz) = <I>ff( z) where g € F, z € T and & € Aut(F) represents ¢. The map f induces
a map on the level of cellular 1—chains of I', which we denote by A;: I Cl( ;Q) — Cl( ;Q). In
spirit, the chain flare condition asserts the existence of a constant A > 1 such that for any 1-chain
x € C1(I"; Q) we have:

M[As ()| < max {[| A7 )], [l }

—where is the usual L?-norm—unless the 1-chain 2 has an obvious reason why it should not
satisfy this inequality, e.g., x is fixed by Ay. The previously mentioned work of Bestvina—Feighn—
Handel [1] and Brinkmann [7] implies that the chain flare condition always holds when the support
of the boundary of x consists of two points, i.e., = is the 1—chain determined by an edge-path in T.

Before we give an outline of the proof of Theorem 1.1 and the rest of the paper, we mention some
related results. For a free-by-cyclic group F xg, (t), the L?~torsion is the logarithm of the Fuglede—
Kadison determinant of the operator given by right multiplication by I — ¢.J;(f) where Ji(f) is a
matrix with entries in the group ring Z[F], see Section 3.3. Deninger has computed the Fuglede—
Kadison determinant of similar operators for the discrete Heisenberg group [10]. Specifically, the
discrete Heisenberg groups can be expressed as a semi-direct product Z2 x4 (t) where ¢ acts on Z? via
the matrix [§ 1]. Deninger studies operators given by right multiplication by 1—xt where x € C[Z?]
and expresses the logarithm of the Fuglede—Kadison determinant as an integral of log |z|, treating
x as a polynomial in two variables [10, Theorem 11]. Funke—Kielak study a different variant of
the L?-torsion of free-by-cyclic groups, called the L?~torsion polytope [17], see also the later work
by Kielak [23]. Together, these works show that the BNS invariant of the free-by-cyclic group
is determined by the L?-torsion polytope. The connection between their work and the present
work is the universal L?~torsion defined by Friedl-Liick [16]. This is a certain element in the weak

Whitehead group ,0( )(G) € Wh"(G) associated to the L?-acyclic group G. The logarithm of the
Fuglede-Kadison determinant gives a homomorphism Wh*(G) — R; the L?*-torsion p(?)(G) is the
image of pi(LQ)(G) There is another homomorphism defined on Wh*(G) by Friedl-Liick [16] whose
image is a polytope; the L?~torsion polytope is the image of ,0( )(G)

1.1. Outline of the proof. The proof of Theorem 1.1 builds off of the author’s previous work [9].
To simplify the exposition in this introductory section, we will assume that the filtration consists of
a single stratum, i.e., that S = 1. For notational simplicity, we will denote the operator L simply
by L and n; simply by n (the number of edges in I'). Using the property that the L?-torsion is
multiplicative under covers and properties of the Brown measure, the proof of Theorem 1.1 starts
by showing that for any k > 1, we can express the L?>-torsion as a certain integral over C:

1
—pP(Gy) = T / log ‘1 - Zk’ dpr,.
C
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We would like to take the limit as & — oo. Notice that log ‘1 — zk‘l/k — 0 as k — oo when

|z2| < 1 and that log |1 — zkll/k — log|z| as k — oo when 1 < |z|. On the unit circle, the limit
does not exist. In order to apply the Lebesgue dominated convergence theorem, we need to bound
the integrand and this results in bounding away from the unit circle. To this end, for v > 1, we
separate the above integral into integrals over three regions: (i) |z| < v=1, (ii) v™! < |2| < v,
and (iii) v < |z|. The integral over the first region thus limits to 0 and the integral over the third
region limits to the integral of log |z| over v < |z|. Tt is the integral over the region v~! < |z| < v
that requires further investigation. We desire to show that this integral is equal to 0. Using the
work of Haagerup—Schultz [20] on the invariant subspace problem, this integral is equal to % times
the logarithm of the Fuglede Kadison determinant of the operator I — L* restricted to a certain
invariant subspace &, C L?(G4)", see Theorem 4.4. This is where the chain flare condition comes
into play. Under the chain flare condition we can identify this subspace for v sufficiently close to
and greater than 1. There are two cases:

(1) The subspace 8, is the trivial subspace. In the language of the chain flare condition, this
happens when there is no Nielsen 1-chain so that the quasi-fixed submodule V¢ is trivial.
By definition, the 0 morphism has Fuglede-Kadison determinant equal to 1 and so the
integral over the region v~! < |z| < v is 0 as desired.

(2) The subspace £, is isomorphic to L?(Gy) and the restriction of I — L* to this subspace is
induced from the operator given by right multiplication by 1 —t* on the subgroup (t) C Go.
In the language of the chain flare condition, this happens when there is a Nielsen 1—chain
that generates the quasi-fixed submodule V¢. Hence, by properties of the Fuglede-Kadison
determinant, the determinant of the restriction of I — L* to £, equals the determinant of the
operator given by right multiplication by 1 — t* on L?((t)). This operator has determinant
equal to 1 and again so the integral over the region v~! < |z| < v is 0 as desired.

Since this holds for all v > 1, we conclude that:

(G = [ toglel du
1<z
as claimed.

To complete the proof of Theorem 1.1, we must show that the integral in the above equation
is positive. Using the properties of the Brown measure and the operator L, we show in proof of
Theorem 1.1 that:

0 §/ log |z| dpur, —i—/ log |z| dpur,
|z|<1 1<|z|
As the first integral is non-positive, the second integral is non-negative and as we can show that
the support of the measure duy is not contained in the unit circle, we conclude that the second
integral is in fact positive.

1.2. Organization of paper. This paper is organized as follows. In Section 2 we introduce
the concepts and notation necessary to state the chain flare condition, which is formally stated
in Section 2.4. Sections 3.1 and 3.2 define the notion of the Fuglede—Kadison determinant and
the L?-torsion, especially in the context of free-by-cyclic groups. The author’s previous work
on computing this invariant using a topological representative, in particular the definition of the
operators in Theorem 1.1 is recalled in Section 3.3. The Brown measure associated to Hilbert—G—
module morphism A: U — U is introduced in Section 4.1 and its relation to the Haagerup—Schultz
invariant subspaces is explained in Section 4.2. The work on using the chain flare condition to
understand the invariant subspace K, is initiated in Section 5 where we explore the dynamics on
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quasi-fixed submodule V¢ mentioned in Section 1.1. The are two cases, depending on whether the
Nielsen 1—chain is non-geometric (Section 5.1) or geometric (Section 5.2). In Sections 6 and 7, we
identify the subspace K, as explained in Section 1.1 and compute the Fuglede-Kadison determinant
of the restriction of the operator I — Ly to this subspace. The proof of Theorem 1.1 takes place
in Section 8. We conclude in Section 9 with some final remarks regarding the chain flare condition
and on applying the methods within to ascending HNN-extensions Fxy.

2. THE CHAIN FLARE CONDITION

The goal of this section is to give the complete statement of the chain flare condition. There are
several technicalities that are necessary to derive a statement that works for a general topological
representative f: I' — I' and that takes into account invariant subgraphs. On a first read, the
reader is invited in Sections 2.2 and 2.4 to assume that the graph I' is a rose and that the invariant
subgraph H C T is a single vertex. In this case, all of the Q[F|]-modules defined in Section 2.2 are
equal and isomorphic to Q[F]" (n is the rank of F) and the homomorphism Ay g is an isomorphism
of this free module.

2.1. Graphs and morphisms. A graph is a 1-dimensional CW—complex. If I' is a graph, by
V(I') we denote the set of vertices (0—cells) and by E(I') we denote the set of edges (1-cells). As
1-cells, edges are oriented; the initial vertex of an edge e € E(I") is denoted o(e) and the terminal
vertex is denoted t(e). The same edge with opposite orientation is denoted by e.

An edge-path is the image of a continuous map p: [0,1] — T for which there exists a partition
0=uz0 <z <- - <xp = 1suchthat p|j, |, is homeomorphism onto an edge of I'. When there
is no ambiguity, we will define an edge-path by listing the vertices it visits and write p: pg,...,Pm
where pr, = p(xg) or by listing the edges it visits.

For a graph I', a morphism f: I' — I' is a cellular map that linearly expands each edge of I’
across an edge-path in I' (with respect to some metric). Fixing an enumeration of edges of T',
E(I') = {e1,...,en}, the transition matriz M(f) is the n x n matrix where m; ; equals the number
of occurrences of e; or €; in the edge-path f(e;).

The morphism f: I' — T' respects a filtration of I" by subgraphs ) =Ty cI'y Cc --- CT'g =T
if f(I's) C T forall 1 < s < S. In this case, the transition matrix can be assumed to have a
lower block triangular form. Indeed this happens so long as edges lower in the filtration are ordered
first, i.e, e; € E(I's) and e; ¢ E(I's) implies that ¢ < j. Let i5 denote the smallest index with
ei, ¢ E(Ts—1), let ng = #|E(T's) — E(T's—1)| and let M(f)s denote the ng x ng submatrix of M (f)
with i <14,j <is+mns—1. Then M(f) is lower block triangular with the submatrices M(f)s along
the diagonal.

Unless otherwise stated, we will always assume that such a filtration ) =T’y c I’y Cc---CcI'g =T
is maximal in the sense that M(f)s is either the zero matrix or irreducible for each 1 < s < S. For
each 1 < s < S where M(f)s is irreducible, we let A(f)s denote the associated Perron—Frobenius
eigenvalue. We set EG(f) = {s | M(f)s is irreducible and A(f)s > 1}. We say the filtration
f=TgcCcTIyC--CTg=Tis reduced if for each 1 < s < S there is exactly one component
I, C T’y that is not a component of I's_y. (This definition is not the standard usage of the term
reduced in the context of filtrations—cf. [5, 15, 21], but our definition is easily implied by the
standard usage and our definition is what we use in the sequel.)

We say a homotopy equivalence f: I' — T' represents an outer automorphism ¢ € Out(F) if
there is a vertex x € V(I'), an identification m (T, *) = F and an edge-path from * to f(*) such that
the outer automorphism induced by f and this edge-path is ¢. Unless otherwise noted, all maps of
graphs in the sequel are morphisms.
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2.2. Relative 1—chains. Suppose f: I' — I is a homotopy equivalence that fixes a vertex x € V(T")
and that H C T' is an f-invariant subgraph. Fixing an isomorphism (T, *) & F we have that f
and the trivial path based at * induces an automorphlsm of F that we denote by ®;.
Let [ be the universal cover of I and let H be the union of the lifts of H to L. Fix a lift % of
« to I and let f be the lift of f such that f(¥) = % This map satisfies f(gz) = <I>f( )f(z) for
any point z € I' and any element g € F. The set of rational (cellular) 1-chains, Cy(I;Q), is a
Q[F]-module isomorphic to Q[F]", where n is the number of edges in I". We express 1-chains as
formal linear combinations of the edges in T and write z = Ze cE(T) Le€ where z, € Q and z, # 0
for only finitely many e € E(I'). The support of a 1-chain z € C1(T; Q) is defined by supp(z) =
{e € E(T') | . # 0}. Note that changing the orientation on e swaps the sign of the corresponding
coefficient. The map f induces an abelian group homomorphism Ay Cl( Q) — Cl( ; Q) that
satisfies Ay(gx) = ®(g)Ay(x) for any 1-chain x € C1(T';Q) and any element g € F.
Similarly, we also consider the of rational (cellular) O—chains Co(I'; Q) and the usual boundary
map 81: C1(T;Q) = Co(I'; Q) defined on edges d1e = t(e) — ofe).
Given distinct vertices up,us € V(I'), by [u1,us] we denote the 1—chain in C}(I'; Q) uniquely
determined by:
-1 ifv=wu
O ur,u2ly, =<1 if v =y
0 else.

In particular, [u1,us]e = 1 for any edge in the edge-path from u; to ug and [ug, us]e = 0 for all
other edges. B B
We consider the following Q[F]-submodule of rational 1-chains in I" relative to H:

C\(T,H;Q) = {z € C1(T;Q) | 2. = 0 Ve € E(H)}.

We observe that C1(T;Q) = Cy(H;Q) & C1(T, H; Q). By my and 7}; respectively we denote the

projections of Cy (f, Q) onto Cy (fI ;Q) and Cy (f, H; Q) respectively. The following homomorphism
is central to the chain flare condition:

Api =730 Afl o gyt C1T H;Q) = Ci(T, H; Q).

2.3. Nielsen 1—chains. As stated in the Introduction, in essence, the chain flare condition states
that the norm of a relative 1—chain in C4(I", H; Q) should grow by a definite factor after applying
Aj g or else it is the image of a relative 1-chain whose norm is a larger by a definite factor.
However, there are certain 1-—chains that are fixed by Ay g that need to be accounted for. This is
the motivation for the definition of a Nielsen 1—chain.

Definition 2.1. Let p € Cy(T, H; Q) be a relative 1-chain such that p = 73([u,v]) for some

vertices u,v € V( ) that are fixed by f, ie. f( ) = u and f( ) = v. We say p is a non-geometric
Nielsen 1-chain if it satisfies the following conditlon.

(NNC1) There is an edge e € E(I') — E(H) such that p, = +1 and pge = 0 for any non-trivial
element g € F.

We say p is a geometric Nielsen 1-chain if it satisfies the following conditions.

(GNC1) For distinct elements g1, g2 € F, the intersection supp(g1p) Nsupp(gzp) is either empty
or consists of a single edge.
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(GNC2) For all edges e € E(I') — E(H), there are exactly two elements g1, g2 € F such that e is
the unique edge in the intersection supp(g1p) N supp(g2p).
(GNC3) There exists non-commuting elements g, g2 € F such that the intersections supp(p) N

supp(g1p) and supp(p) N supp(gzp) are non-empty.
We say p is a Nielsen 1—-chain if it is either a non-geometric or a geometric Nielsen 1—chain.

We observe that Ar g(p) = p. In Section 9 we explain how Nielsen 1-chains naturally arise for
EG strata in a CT map.

2.4. The chain flare condition. We require the following notation before we state the chain flare
condition. We consider the usual L?-inner product and L?>norm on 1-chains. That is, given a
1—chains x = ZeeE(f“) zee and o’ = ZeeE(f) xlLe we set:

Z zex! and |z|* = Z |2e|? .

eEE(F) eeE(I‘)
IfvV C Cl(f; H; Q) is a Q[F]-submodule and 0 < 0 < 1, we set:
Ny(V) = {x’ € Ci(T, H;Q) | (x,2') > 0||z] ||/ for some x € v} .

Thus, Ng(V) consists of elements that make a small angle with an element of V. Notice that
Np(V) — {0} is a neighborhood of V' — {0}.

If N C Cy(T, H;Q) is a subset, we define the following subset:

= J Afu(v

keZ

In other words, N°° consists of all relative 1—chains 2’ such that either 2’ = A’} y(x) for some z € V

and some k£ > 0 or that Ak (@) € V for some k > 0. We remark that N> is Ay y—invariant.
We can now formally state the chain flare condition.

Chain Flare Condition. Suppose f: I' — I' is a homotopy equivalence and H C I' is an
f-invariant subgraph. We say f satisfies the chain flare condition relative to H if there are Q[F]-
submodules W, Ve € C1(I', H; Q) where the following conditions hold.

(CFH1) Cy(T, H; Q) = Vi, + Vit

(CFH2) There exists constants A > 1 and 0 < 6 < 1 such that for all x € Ny(14)>

MAgz (@) < max {[|A7 g ()], 2} -

(CFH3) If Vi # {0}, then there exists a Nielsen 1-chain p € C1(T, H; Q) such that for all
x € Vi, there exist rational numbers ¢1,...,¢, € Q and elements g1, ..., g, € F such
that = = qrg1p+ -+ + @ grp-

We call V4, the hyperbolic submodule and Vs the quasi-fixed submodule. If Vor # {0}, we say the
Nielsen 1-chain p specified in (CFH3) generates the submodule. We remark that to verify (CFH2),
one may assume that the coefficients in x are integral. Further, if Vs = {0}, then it suffices to verify
(CFH2) only for z € Vj, as Ny(V4,)™ equals V4, in this case. Moreover, if Cy (F H; Q) = Vi @ Ve
and Vj, is Ay g—invariant, then it suffices to verify (CFH2) only for « € V4. See Remark 6.4.

For use later on in Section 6, we record the following consequence of (CFH2).

Lemma 2.2. Suppose that the homotopy equivalence f: I' = ' satisfies the chain flare condition
relative to the f—invariant graph H C I' with constants A and 6. The following statements hold.



8 M. CLAY

(1) If v € Np(V)*™®, j > 1 andAHA? H < HAJ L HA )H < ||
) 1o € N, 2 1 and Al < WAga @), then ¥ el < |45
(8) If x € Ng(V1,)*™° and N > 1, then:

M AF ()| < max {[| A7 @) (1} -

Proof. To simplify notation, we denote Ay i by A in the proof.

We first prove (1) by induction. The statement is tautological for j = 1. Now suppose that
j > 2, that (1) holds for j — 1, that = € Ny(V})>™ and that /\HAJ@)H < [|477Y(z)|. Since
AI72(x) € Np(Vi)*°, by (CFH2) we must have:

MATH @) < max {[| A7 ()], |47 2(@)][}
m)H < }|Aj_1($)“ by assumption, we must have )\HAj_l(z)H < ‘}Aj_z(x)H as A > 1.
Hence, by induction A~ ||A7~!(z)|| < ||z||. Therefore:
N 4) | = ¥ (4 @) < 67 4@ < ol

The proof of (2) is similar. We provide the details for completeness. Again, the statement is
tautological for j = 1. Suppose that j > 2, that (2) holds for j — 1, that x € Ny(V})* and that
AMz|| < |JA(x)||. Since A(x) € No(V4)>°, by (CFH2) we must have:

MIA()] < max {[|A%(@)]|, [l } -

Thus, as before we find that A [| A(z)|| < ||A?(z)||. Hence, by induction N~ ||A(z)|| < |47 A(z)| =
HAJ H Therefore:

Nllzll = N7 (M lzll) < ¥ THA@)] < (|47 (@)
We now consider (3). By (CFH2), we have that A |AY(2)|| < max {||AN(z)||, || AV ~Y( H}
If A[AN(z)|| < [|[ANT!(2)]|, then by (2) we have AV ||AN(z)|| < ||A*N(a)|. If )\HAN )| <
|AN=1()]|, then by (1) we have A || AN (x)|| < [|lz||. This proves (3).

3. L?>-TORSION OF FREE-BY-CYCLIC GROUPS

In this section, we recall the definition of L?-torsion of a free-by-cyclic group as well as some
results necessary for the sequel. General references for the material in this section are the survey
paper by Eckmann [14] and the book by Liick [25].

3.1. The von Neumann algebra of a countable group. Let G be a countable group. By
L?(G) we denote the vector space of square summable functions ¢: G — C. We will express an
element of L?(G) as a formal linear combination ¢ = > gec &g9 where §g € Cand 3° 1€, < o0.
This is a Hilbert space with inner product:

Y= Z $o€-

geG

The associated norm is denoted €| = (€,€)Y/2. The dense subspace of finitely supported functions
is isomorphic (as a vector space) to the group algebra C[G] and as such we consider C[G] as a
subspace of L?(G). The group G acts isometrically on both the left and the right of L?(G) where
for h € G and ¢ € L?(G) we define:

ho=3 &hg =D &ggand £h=3 &oh=3 &g

geG geG geG geqG
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By linearity, these extend to actions on L?(G) of the group algebra C[G] by bounded operators.
In the sequel, when we say that some function or object related to L?(G) is G-equivariant or
G-invariant, we are referring to the left action.

The von Neumann algebra of G, denoted N (G), is the algebra of G—equivariant bounded oper-
ators on L?(G). That is, an element A € N(G) is a bounded operator A: L?(G) — L*(G) such
that A(g-¢&) =g- A(&) for all g € G and ¢ € L?(G). In particular, for each 2 € C[G], the operator
Az: L*(G) — L*(G) defined by A,(¢) = £ -z is G—equivariant and hence we can consider C[G] as
a subalgebra of N'(G).

There is a notion of trace for elements in N (G) that is defined by:

trg(A) = (A(idg),idg)

where idg is the identity element of G. More generally, a G—equivariant bounded operator A: L?(G)"* —
L%(G)™ can be expressed as a matrix A = [4; ;] where each 4, ; € N(G) and we define:

tra(A) = tra(Ai).
=1

A (finitely generated) Hilbert-G—-module is a Hilbert space U that admits an isometric action by
G and for which there exists a G—equivariant isometric embedding U — L?(G)" for some n. The
notion of trace allows for the definition of dimension of a Hilbert—G—module by:

dimg(U) = tra(Py)

where Py: L?(G)™ — L?(G)™ is the projection onto the image of U.

A morphism of Hilbert—-G—modules U and V is a G—equivariant bounded operator A: U — V.
For a morphism A: U — V of Hilbert-G-modules, we denote by F4: [0,00) — [0,00) the spectral
density function of A, that is, Fa(\) = trg (Ef;A) where {E{"4} is the spectral family of A*A.
The Fuglede—Kadison determinant of A is defined by:

[e.9]

detg(A) = exp/ log(\) dFa

0+

if the integral exists, and detg(A) is defined to be 0 otherwise.
We record the following property of the Fuglede—Kadison determinant for later use.

Lemma 3.1. Let A: U — U and O: U — V be morphisms of finite dimensional Hilbert-G—
modules where A is injective and O is an isomorphism. Then:

detg(A) = detg(OAO_l).

Proof. Let I denote the identity operator I: U — U. By [25, Theorem 3.14 (1)] we have that
1 = detg(I) = detg(OO™1) = dete(O) - detg(O~1). Hence, by [25, Theorem 3.14 (1)] again, we
find:

detg(OAO™Y) = detg(O) - detg(A) - detg(O™!) = detg(A). O

3.2. L’>~torsion of free-by-cyclic groups. Let G be a countable group and let X be a CW—
complex that admits a continuous action by G that freely permutes the cells of X and such that
there are only finitely many G-orbits of cells. The cellular chain complex C,(X) = {09;: C;(X) —

Cj—1(X)} consists of free Z[G]-modules of finite rank. Thus c? (X) = L*(G) ®z16) C«(X) is a
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chain complex of Hilbert-G-modules. If c? (X) is weakly acyclic, i.e., ker 9; = clos(im dj41) for
all j, and det(9;) # 0 for all j, then the L?~torsion of X is defined by:

pP(X) == (~1) logdet()).
Jj=0
The situation we are most often interested in is when G has a finite classifying space, BG, and
X = EG. There is a large class of groups for which the chain complex of Hilbert—-G—modules
{0;: CJ(»Q)(EG) — Cﬁ)l(EG)} satisfies the above assumptions and moreover the L?~torsion of EG
depends only on G and not the particular choice of BG [25, Lemma 13.6]. This class of groups
includes free-by-cyclic groups in particular and thus we are justified in defining

2 (Gy) = p? (EG,).

This invariant behaves in some ways like Euler characteristic. The following property illustrates
this connection and is used later on.

Theorem 3.2 ([25, Theorem 7.27 (4)]). Suppose ¢ is an outer automorphism of F. Then for all
k>1:
oO(Gye) = bp ().

3.3. Computing the L?>—torsion from a topological representative. In the remainder of this
section, we briefly explain how to compute the L?~torsion —p(z)(Gd)) from a homotopy equivalence
f: I' = T that represents ¢ € Out(F). See [9, Section 4] for complete details. As in Section 2.2,
we assume that f fixes a vertex * € V(I') and fixing an isomorphism (I, *) = F, we let ®;
denote the automorphism induced by f and the trivial path based at x. We will use the semi-direct
product presentation F x¢, (t) for the corresponding free-by-cyclic group G. Let f: I — I be the
corresponding lift of f to the universal cover and let A C’l(f; Q) =y (f, Q) be the corresponding
homomorphism.
Let X7 be the mapping torus of f, that is:

I'x|[0,1
X =N 0y~ (1)
and let X ¢ the universal cover of X;. An edge in X ¢ is called horizontal if it is the lift of an edge
in I" x {0} C Xy and vertical otherwise. The subspace of (cellular) 1-chains C; (X ) spanned by
horizontal edges is a free Z[G »]-module of rank n = # |E(I")|. Likewise, the set of (cellular) 2—chains
Cy(X ) is also a free Z[Gg]-module of rank n = # |E(T")|. Hence, after choosing appropriate bases,
the cellular boundary map 8y: Cy(X ¢) = Ch (X ) followed by projection to the subspace spanned
by the horizontal edges determines a Z[Gg|-module homomorphism:

ahori Z[G¢]n — Z[G¢]n
that is given by right multiplication by a matrix of the form I —¢.J;(f) where I is the identity matrix
and Ji(f) € Mat,(Z[F]), which is the so-called Jacobian. Indeed, each 2-cell in X ¢ has a unique
bottom edge e and the top edges are none other than ¢ f (e) so that the horizontal components of
the boundary of this 2-cell is e — tf(e). See Figure 1. The rows of Ji(f) just record the edges
in A¢(e), using the isomorphism between C} () and Z[F]". Let Le: L?(Gyg)™ — L*(Gy)"™ be the
operator given by right multiplication by t.Ji(f) so that Onor = I — Ly where I is now consider

as the identity operator. Then, if the image of every vertex in I' is fixed by f, it was shown that
(cf. [25, Theorem 7.29]):

—p@(Gy) = logdetg, (I — Ly).
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FIGURE 1. A 2-cell in Xf.

When f: T' — T respects a filtration ) =Ty C T’y C --- C I's = T" we can break up the above
formula into pieces associated to the filtration elements. To this end, for each 1 < s < 5, we
consider the subcomplex Xy, C X, which is the mapping torus of the restriction of f to I';. We
note that this subcomplex is not necessarily connected. However, when the filtration is reduced,
then there is exactly one component of Xy, that is not a component of X7, 1. Let X t,s be the
union of the lifts of Xy, to X ¢. The subspace of C; (X #) spanned by the horizontal edges that
lie in )A(:f,s — )Z'f,s,l is a free Z[Gy)-module of rank ng = #|E(I's) — E(T's—1)|. Hence as above,
after choosing appropriate bases, the cellular boundary map 0Os: CQ()N( fis — X fs—1) = C1 ()~( £s)
followed by projection to the subspace spanned by horizontal edges in X fis — X t,s—1 determines a
Z]G y]-module homomorphism:

Ohor,s: ZGg|™ — Z|Gg]™
that is given by right multiplication by a matrix of the form I —¢.J;(f)s where J1(f)s € Mat, (Z[F]).
In terms of matrices, Ji(f) is lower block triangular with blocks Ji(f)s on the diagonal, as was the
connection between M (f) and M(f)s. Let Lys: L*(Gy)™ — L*(G4)™ by the operator given by
right multiplication by tJi(f)s so that Oners = I — Ly . Using the lower block triangular form of
J1(f), which comes the lower block triangular form of M(f), the following theorem was shown.

Theorem 3.3 ([9, Theorem 4.10 & Remark 4.12]). Suppose that f: T' = T is a homotopy equiva-
lence that respects the filtration ) =To c I'y C --- C I's =T, that f: I' — T represents the outer
automorphism ¢ € Out(F) and that the image of each vertex in T is fized by f. Then:

()(G¢ Z logdetg¢(I Ly S)
s€EG(f)

In the context of the chain flare condition we will use the following notation. Let f: I' — T’
be a homotopy equivalence that represents ¢ € Out(F) and H C I' an f—invariant subgraph. We
consider the filtration (which is not necessarily maximal nor reduced) ) = Tyg C T'; C I's =T
where I'y = H. Then we set ny to be equal to no, the number of edges in I' — H, and set
Lip: L*(Gy) — L*(Gy)™ to the be operator Lys.

4. BROWN MEASURE AND HAAGERUP—SCHULTZ INVARIANT SUBSPACES

In this section we introduce the Brown measure p4 for a G-equivariant bounded operator
A: L2(G)" — L*(G)", state its relation to the Fuglede-Kadison determinant and list the key
properties that we require for the sequel. Additionally, we introduce the Haagerup—Schultz in-
variant subspaces €(A,v) and §(A,v) associated to bounded operator on A: L*(G)" — L(G)"
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and state their relation to the Brown measure in the previously mentioned case when A is G-
equivariant. The most important result of this section is Theorem 4.4 which is essential for the
proof of Theorem 1.1. The results in this section hold for more general von Neumann algebras but
are stated in setting in which they will be applied within.

4.1. Brown measure. Let G be a countable group and U a Hilbert—G—module. Associated to a
morphism A: U — U is a Borel measure on C, called the Brown measure and denoted 14 [8]. This
measure maybe considered as giving the multiplicity of the values of the spectrum of A. Indeed, if
G is a finite group, then U is isomorphic as a vector space to C™C! for some n and considering A
as an element of Mat,, | (C) we have:

1 n|G]|
= — Ox,
KA G| Z Aj
J=1
where A1, ..., A\, g are the eigenvalues of A listed with multiplicity and d, is the Dirac measure

concentrated on the complex number .
We summarize some of the properties of the Brown measure and its relation to the Fuglede—
Kadison in the following theorem.

Theorem 4.1 ([8, Theorem 3.13]). Let A: U — U be a morphism of Hilbert-G-modules. The
following properties hold.

(1) The support of ua is contained in the spectrum of A.
(2) 1a(C) = dimg(U).
(3) If h: C — C is holomorphic, then

log detc(h(A)) = /C log |1(2))] dpa.

4.2. Haagerup—Schultz invariant subspaces. In their study of the invariant subspace problem
for operators in a type II;—factor, Haagerup—Schultz identified the following subspaces associated
to a bounded operator on a Hilbert space.

Definition 4.2 ([20, Definition 3.1 & Lemma 3.2]). Let A: H — H be a bounded operator on a
Hilbert space. For v > 0 we define the following A—invariant closed subspaces of H:

E(A,v) = {g € M| 3(&) C M with lim [|& — &) = 0 and limsup || 47¢;]|"7 < y}
j—ro0 j—00

F(Av) = {5 € H[3(&) CH with lim ||A7¢; — ¢|| =0 and limsup ||§j||1/j < 1/_1}
j—o00
Remark 4.3 ([20, Remark 3.3]). If A: H — # is invertible, then:
FAv)=¢A vl = {§ € H|3() CH with lim || — &[] =0 and limsup HA*jngl/j < Vl}
j—ro0 j—oo

There is a deep connection between these subspaces and the Brown measure pg when A: U — U
is a morphism of Hilbert-G-modules. In particular, Haagerup—Schultz prove that the dimension
of €(A,v) is the Brown measure of {z € C | |z| < v} and the dimension of F(A,v) is the Brown
measure of {z € C | |z| > v} [20, Lemma 7.18].

For our purposes, we use these subspaces to isolate in the unit circle in the integral representation
of log detg (I — AF).
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Theorem 4.4. Let A: U — U be a morphism of Hilbert—-G—modules and let 14 denote the Brown
measure of A. For v > 1, we set &, = €(A,v) NF(A,v~1). Then for k > 1 we have:

logdetg(I—Ak)}R :/ log‘l —zk) dpa.
v v=1<|z|<v
Proof. Using the function h(z) = 1 — z*, by Theorem 4.1 (3) we have:

logdetg(I—Ak)}R :/logll—zk’ dpa, -
v (C 4

Let P: U — U denote the projection to the orthogonal complement of &,. Then pa4 = PAlg, THPAP

(cf. [20, Remark 7.17]). Let C, = {z € C | v=! < |z| < v}. According to [20, Main Theorem 1.1],
we have supp(4),; ) € Cy and supp(upap) C€ C — C,. Therefore we have:

logdetg(I—Ak)}ﬁ :/log‘l—zk dpa,
v (C v
_ 2
—/ log‘l—z )d,uA‘R
v—1<|z|<v i
:/ log‘l—zk) djia. 0
v=1<|z|<v

5. DYNAMICS ON THE QUASI-FIXED SUBMODULE

Using the setting and notation from Section 2.2, we define the following Hilbert—F-modules:
CP (T, H) = I2(F) &g C1(T H:Q), WP = L2(F) @
and V. = L*(F) @gjm) Var-

We have that C§2) (f,ﬁ) = Vh(2) + Vq(fQ). The homomorphism Ay f: Cl(f,f[; Q) — Cl(f,f[,@)
extends to a bounded operator Ay p: C’f) (T, H) — 0{2) (T, H). We will use a fixed isomorphism
CP) (f, H) = L2(F)™# using a basis as in Section 3.3 and consider Vh(Q) and Vq(f2) as submodules of
L3(F)H.

In this section we explore the dynamics of Ay y on Vq(f2 ). We remark that Ar g is not F-
equivariant. The main result is the following.
Theorem 5.1. Suppose that the homotopy equivalence f: I' — I' satisfies the chain flare condition
relative to the f—invariant graph H C I". Then there is a constant C' > 0 such that for any & € v

qf
and k > 0 we have C~1|€]| < ‘ A’}H(f)’ <Cél-

The only item of the chain flare condition that is needed for Theorem 5.1 is (CFH3). The estimate
in Theorem 5.1 is used in the next section in the proof of Theorem 6.3 to show the equality between
Vq(f ) and the intersection (A, v)NF(Af g, v ) for v sufficient close to and greater than 1 when
f satisfies the chain flare condition.

There are two cases to consider based on whether or not the Nielsen 1-chain generating Vi is
non-geometric or geometric (as the theorem obviously holds when V¢ = {0}). These two cases
are proved in Section 5.1 (Proposition 5.3) and Section 5.2 (Proposition 5.12) respectively. The

key idea in both sections is to bound HA’}H(JU)H for x € V¢ and k > 0 in terms of the rational
coefficients used to express x as a linear combination of translates of p independent of k.
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5.1. The Non-Geometric Case. In this section, we assume f: I' — I" is a homotopy equivalence,
H C T is a f-invariant subgraph and p = 75([u,]) € Cy(T', H;Q) is a Nielsen 1—chain that is
non-geometric. As previously stated, the idea is to bound the norm of A? () in terms of the
rational coefficients expressing = as a linear combination of the translates of p independent of k.
In this case, condition (NNC1) provides the existence of an edge that is in the support for only a
single translate of p, which makes the calculation straightforward.

Lemma 5.2. There is a constant B > 1 such that if x = qig1p+---+qrgrp € Vot and k > 0, then:

T 2 T
> d < [Ahu@)| <B4
j=1 =1

Proof. Let e, € E(T') — E(H) be an edge such that pe, = £1 and pge, = 0 for any non-trivial g € FF.
Such an edge exists by (NNC1). To simplify notation, we denote Af z by A in the proof.

As A(p) = p, for k > 0 we have A¥(x) = qlél}(gl)p +-+ qrq)]]i(gr)p, and hence it suffices to
prove the lemma for £ = 0 as the required bounds depend only on the rational coefficients and not
the group elements determining the translates.

On one hand, observe that x,,, = +q; since (g;jp)g;e, = *1 and (gp)g,e, = 0 for all g € F not
equal to gj. Thus:

T T

2
D0 =D e, <Nl
j=1 j=1

On the other hand, letting d = # |supp(p)| we observe that for any edge e € E(I') — E(H),
(gp)e = pg-1. # 0 for at most d elements g € F. Thus we find:

2

2l =Y qilgip)e | < d®max{q] | (g;p)c # 0}.
j=1

Additionally, each index 1 < j < 7 can realize the maximum value for at most d edges as well.
Organizing the edges in supp(x) based on which index j provides the maximal value on the given
edge, we find:

r

2

2> = Y #2<d®> g
ecsupp(x) Jj=1

Setting B = d® completes the proof. O

With this estimate, we can prove Theorem 5.1 when V¢ is generated by a non-geometric Nielsen
1—chain.

Proposition 5.3. If V¢ is generated by a non-geometric Nielsen 1-chain, then there is a constant
C > 0 such that for any & € Vq(fz) and k > 0 we have C~1||¢]| < HA}}’H(S)’ < €]

Proof. Let B > 1 be the constant from Lemma 5.2 and set C' = v/B. To simplify notation, we
denote Ay g by A in the proof.
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We first prove the proposition for x € V. Write = ¢ig1p + - -+ + ¢rgrp for some rational
numbers q1, ..., q € Q and elements g1,..., g, € F. By Lemma 5.2 we find for any k& > 0:

2 T
|45 @) < BY ¢ < Blz|?, and
j=1
r 2
lol? < BY af < B|[4*@)|
j=1

This proves the proposition for x € V.
Now given £ € Vq(f), k>0 and € > 0, there exists x1,x2 € Vi such that both of

2 . 2
1> = llzy + s

and (a4 - ke + i)

are less than e. As A is a real operator, we have HAk(:Ul —1—2'562)“2 = HAk(azl)H2 + HAk(:cg)HQ
Therefore:

it < ot s i+«
_ HAk(azl)Hz + HA’f(g;Q)H2 +e
< Bllz|* + Blza|* + €
< BlE|® + e(B + 1).

Similarly:
IEI* < fla + 2] +
< ol + floa]2 + €
k 2 k 2
<B HA (xl)H +B HA (xz)H +e
2

<B HA’“(g)H +e(B+1).

As this holds for all € > 0, we have C! [|€]| < ||A*(€)|| < C'[|€] as desired. O

5.2. The Geometric Case. In this section, we assume f: I' — I' is a homotopy equivalence,
H C T is a f-invariant subgraph and p = 75([u,v]) € C1(T', H;Q) is a Nielsen 1—chain that is
geometric and that generates V. Again, as previously stated, the key idea is to bound the norm of
A? () in terms of the rational coefficients expressing x as a linear combination of the translates
of p independent of k. In this case, we will work with an auxiliary graph T}, that captures the
combinatorics of the translates of p. The graph T}, has a free action by I and we consider the
Q[F]-modules of compactly supported 0- and 1-cochains C2(T,;Q) and C}(T); Q) respectively.
Of importance is the coboundary operator dy: C2(T,;Q) — CL(T,;Q) which is a Q[F]-module
homomorphism given by:
So(e) = (t(e)) — ¥(o(e)).

where ¢ € E(T),). We will consider the usual L?>-norms on both C2(T); Q) and C}(T,; Q). As our
cochains are compactly support, these norms is well-defined.

We will define a “realization” map R: Vg — C2(T, »; Q) and show that the sum of the squares of
the rational coefficients of z equals || R(z)||* and also that ||z equals ||6oR(z)||. This takes place in
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Lemma 5.10. There is bi-Lipschitz relation between ||| and ||dp?)|| that we recall in Lemma 5.11.
This gives us the desired relation between the sum of the squares of the rational coefficients of x
and ||z||* from which Proposition 5.12 follows in a similar way to Proposition 5.3.

The graph T}, is defined by the following data.

V(T,) =F

E(T,) = {91, 92] | supp(g1p) N supp(g2p) # 0}
The graph T}, is not connected in general, but if Ty and T are components of T}, then there is an
element g € F such that T7 = g7p. We note that there is a bijection between the edges of T, and the
edges e € E(I') — E(H). Indeed, (GNC1) implies the assignment that sends an edge [g1, g2] € E(T})

to supp(g1p) N supp(gzp) defines a function from E(7),) — E(I') — E(H) and (GNC2) implies this
function is a bijection.

Example 5.4. Let I' be the theta graph labeled as in Figure 2. In this example, the homotopy
equivalence f: I' = I' and subgraph H C I' are irrelevant and will not be specified.

a
/j\
k
w
FiGURE 2. The graph I' in Example 5.4.

There is an isomorphism (T, %) & F = (21, x2) where 1 corresponds to the edge-path ab and
o corresponds to th edge-path ca. Fix a lift % of * to [ that lies on the axes of x1 and zo. We
consider the edge-path from % to x1$21‘1_1$2_ 1% We fix lifts of a, b and ¢ respectively in T as
pictured in Figure 4 and abusing notation continue to denote them by a, b and c respectively. Then
the 1—chain:

p=[*, xlwgl’l_lw?_lﬂ =aq—b+xiCc— 21220 + x1x2xflb — x1$2:111_1.7}2_16

satisfies conditions (GNC1), (GNC2) and (GNC3). Indeed, (GNC1) is apparent since the edge-path
abcabé in T' does not repeat a two-letter subword, (GNC2) is apparent as supp(p) contains exactly
two edges from each orbit of edges in T and (GNC3) holds for g1 = x122 and g = xlxgxl_l. The six
translates of p whose support has non-empty intersection with the support of p are also illustrated
in Figure 3. The corresponding portion of T}, is illustrated in Figure 4.

There is an obvious map R': Vg — C2(T),; Q) that sends a 1-chain z = ¢1g1p+- - ~+¢,grp € Vgt to
the function R'(z) = qixg,+- - -+¢rXg, Where x, is the characteristic function of the set {g} C V(T},).
It is clearly true that » %, q]2~ = ||R'(z)||*. Additionally, for the Nielsen 1-chain as in Example 5.4,
we can demonstrate that ||z|| = [|[6oR'(x)||. Indeed, if e is the unique edge in supp(gp) Nsupp(g’p),
then, up to sign, the coefficient z. is equal to 22:1 ¢;(xg'(95) — x¢(gj))- (Notice that there are at
most two nonzero terms in the sum.) This follows as for the Nielsen 1-chain in Example 5.4, for
any edge, the coefficients of its translates in supp(p) are 1 and —1. Next, if € € E(T}) is the edge
corresponding to supp(gp) Nsupp(¢’p), then up to swapping the orientation of ¢ we have o(e) = ¢
and t(¢) = g¢', hence doR'(z)(e) is equal to > 7 qj(xg;(9') — Xg;(9))- (Again, there are at most
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—1_—1 -1, .—-1_-—1
XT1Xy Ty P T1T2T, Xy Ty P
® [] [} [
—1,.—1
Ty Ty P
-1
\ L1222y P /
® ®
—1 —1
Ty C T1T2T,
xic rixr2a
i e ° - ° o —1,.—1z
pi ok . 2 . 2 \ g \ g d T1T2T Ty *
® ® -1 —1,_.—1
a b T1x22] b T1T2T] Ty C
T1T2pP
c :ljlxzb

—-1,_.—1
T1T2X1Ty Ty P

FIGURE 3. The Nielsen 1-chain p in Example 5.4 and the six translates whose
support intersects the support of p.

-1,.-1 —-1,.-1
Ty T T1Ty X

—1,.—1,_.—1 g ° —1..-1
T1X2T1 Ty Ty T1X2X1To Ty

xlxgzcl_l T1T2
FIGURE 4. A portion of the graph T}, in Example 5.4.

two nonzero terms.) This shows that ||doR'(x)|| = ||| as claimed since x4(g) = x4(g’) for any
9,9 €F.

In general though, it is not the case that the coefficients of the translates of any edge in supp(p)
are 1 and —1 and so we need to take such edges into account when defining the realization map

R: Vg — C2(T,;Q). We call an edge e € E(T') — E(H) non-orientable if the coefficients of its
translates in supp(p) have the same sign, in which case they are either are both 1 or either both

—1. Likewise, we call an edge € € E(7},) non-orientable is the corresponding edge in E(I') — E(H)
is non-orientable. In this language, there are no non-orientable edges in Example 5.4.
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If the unique edge in supp(g;p) Nsupp(gxp) is non-orientable, to get an equality ||z|| = [|doR(x)||,
we need to make sure that we have (R(x)(gx) — R(z)(g;))? = (qx + ¢;)? and so one of the terms in
the expression for R(z) needs to be multiplied by —1. One way to accomplish this is the following.
Fix a vertex go € V(T},), let m denote the number of non-orientable edges in an edge-path from go to
the vertex g; € V(7)) and use (—1)"g;x,,; in the summation formula for R(x). If T, is a tree, then
this construction is obviously well-defined. However T}, is not a tree in general. Nonetheless, we
can still show that the parity of the number of non-orientable edges in an edge path is well-defined.

To this end, suppose p: po,...,Pm is an edge-path in T, where py = py,. Recall from Section 2.1
that notation this means the edge-path p visits the vertices po, ..., pm in this order. This unam-
biguously defines an edge-path since T}, is a simplicial graph. To simplify the exposition, the index
j in the remainder of this description is considered modulo m. Let go, ..., gm—1 € F be the elements
such that p; = g; for 0 < j < m. For each 0 < j < m, the intersection supp(g;—1p) N supp(g;p)

consists of a single edge e; € E(I') — E(H). Thus we have ej,ej11 € supp(g;p) for 0 < j < m.
An orientation on p is a choice of orientations on the edges e; so that (g;p)e; = —(gjp)e;,, for
0 < j < m. Note that the orientations on the edges are not assumed to be F—equivariant.

Lemma 5.5. Suppose p: po, . ..,Dm is an edge-path in T, where pg = pp,. Then either p; = py, for
some distinct indices 0 < j, k < m or there exists an orientation on p.

Proof. To simplify the exposition, subscript indices are considered modulo m in this proof.

There are elements go,...,gm-1 € F such that p; = g; for 0 < j < m. For each 0 < j < m,
the intersection supp(gj—1p) N supp(g;p) consists of a single edge e; € E(I) — E(H). We have
ej,ej+1 € supp(g;p) for 0 < j < m. If e; = e for some distinct indices 0 < j,k < m, then
by (GNC2), the pair of elements {g;_1,g;} equals the pair of elements {gx_1,9x}. If k = j +1
(mod m), then the lemma holds as either py = pj or p, = pj—1. Else, we see that the lemma holds
as either p; = py_1 or p; = pi.

Therefore, we can assume that the set of edges e, ...,e,, are distinct for the remainder of the
proof. ~

For each 0 < j < m, we have that the pair of edges e;, 11 belong to the edge-path g;[u,v] C I
We locally orient e; and e;41 to point away from each other. In other words, there is a component
of T — {t(e;),t(ej+1)} that contains both o(e;) and o(e;j41).

We claim that if these local choices are not consistent on p then p; = p;, for some distinct indices
0 < j,k < m. Clearly, if these choices are consistent then (gjp)e, = —(gjp)e;,, for all 0 < j <m
and so they determine an orientation on p.

If these local choices are not consistent, then there is some index 0 < j < m such that the local
orientation on e; induced from g;_1[u,v] does not equal the local orientation on e; induced from
gjlu,v]. This implies that the edge e; lies on the edge path from ej_; to e;;1. Indeed, let w be
midpoint of the edge ej, let w;_1 denote the initial vertex of e; in the orientation induced from
gj—1[u,v] and let w; denote the initial vertex of e; in the orientation induced from g;[u,v]. Then
the edge-path from e;_; to w goes through w;_; and the edge-path from e;;1 to w goes through
w;. As wj_1 and w; are distinct, this shows that the edge-path from e;_; to ej41 contains w and
hence also e; as claimed.

Let q be the edge path in T from gj—2|u,v] to gj41[u,v]. This edge path contains e;. This follows
from (GNC1) as ej—1 C gj—2(u,v], ej41 C gj+1[u,v] and e; is contained in neither g;_s[u,v] nor
gj+1lu, v]. See Figure 5.

The union Ui;? 41 9r[u,v] is connected as g.[u,v] N gry1[u,v] is nonempty for all 0 < r < m.
Hence, this union also contains the edge-path q and thus the edge e;. This implies that e; €
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gj+1[u, V]
e;
gi—1[u,v] ;
+ +
.. g5 [u, v] o
J Jj+1

FIGURE 5. Inconsistent local orientations on the edge e; in the proof of Lemma 5.5.

supp(grp) for some k # j,j + 1. By (GNC2), we must have that g; = g; or g5 = g;+1. This shows
that two vertices of p are the same and completes the proof. ]

Motivated by the previous discussion, we introduce the following notion. Let p: po,...,pm be
an edge-path in T, and let go,...,gmn € I be the elements such that p; = g; for 0 < j < m. For
each 1 < j <'m, the intersection supp(g;—1p) Nsupp(g;p) consists of a single edge e; € E(f) —E(H).
We have (gj—1p)e;; (9jp)e; € {—1,1}. We set o(p) to be equal to the number of indices 1 < j <m
such that (gj_1p)e; = (gjp)e;- In other words, o(p) is the number of non-orientable edges along
the edge-path p. In particular, we have:

(—1)°® = ﬁ <_(gj_1p)€ﬂ> . (5.1)

j=1 (gjlo)ej

We remark that o(p) is well-defined independent of choice of orientation on the edges e;. By
definition, if p is a trivial path, then ¢(p) = 0 so that (—1)®) =1 and (5.1) holds where we define
the empty product to be equal to 1.

We seek to show that (—1)?®) only depends on the endpoints of the edge-path p. The next
lemma shows this is true for orientable circuits. We extend this to all circuits in Lemma 5.7 and
to all edge-paths in Corollary 5.8.

Lemma 5.6. Suppose p: po,...,pm ts an edge-path in T, where py = py,. If p is orientable, then
(-1)7®) =1,

Proof. To simplify the exposition, subscript indices are considered modulo m in this proof.

Let go,...,g9m-1 € F be the elements so that p; = g; for 0 < j < m. For each 0 < j < m, there
is an edge e; that is the unique edge in supp(g;—1p) Nsupp(g;p). As p is orientable, we may choose
orientations on the edges e; such that (g;jp)e; = —(gjp)e;,, for 0 < j <m.

Thus, using (5.1), we find:

T A = AR (/T

(_1)0(1)) - (_J - B LA 5 A R 0
jE[l (9jP)e; Eo (9jP)e;

Lemma 5.7. Suppose that p: po,...,pm is an edge-path in T, where pg = py,. Then (—1)‘7(p) =1.

Proof. Assume the statement of the lemma is false. Fix an edge-path p: po, ..., pm where pg = pm,
and (—1)°(®) = —1 with m minimal among all such edge-paths p. To simplify the exposition,
subscript indices are considered modulo m in this proof.
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By Lemma 5.6, the path p is not orientable. Hence, by Lemma 5.5, there are distinct indices
0 < j,k < m such that p; = py. We consider the following edge-paths: p’: pj,pji1,-..,Pk

and p”: pr,Prs1s---,pj. Notice that o(p) = o(p’) + o(p”). Hence either (—1)7®) = —1 or
(=1)°(®") = —_1. However, this is a contradiction as p; = pr, and the lengths of p’ and p” are less
than m.

This contradiction proves the lemma. ]

From this, it follows readily that (—l)a(p) depends only on the endpoints of p as desired.

Corollary 5.8. Suppose that p: po,...,pm and q: qo,...,q, are edge-paths in T}, where pg = qo
and pp = qn. Then (—1)7®) = (—1)7(a),

Proof. Apply Lemma 5.7 to the edge-path pq and note that o(pq) = o(p) + o(q). O

In each component Ty C T, we fix a vertex go. For g € V(Tj), we fix some path p, from gg to
g and define sgn(g) = (—1)?®Ps). By Corollary 5.8, the function sgn: F — {—1,1} is well-defined.
We can now define the realization map R: Vg — Cg(Tp; Q). Given x = q1g1p+ - - - + ¢ grp, We set:

R(z) = sgn(g1)qixg, + -+ - +sgn(gr)ar Xy, -

Example 5.9. Let [' be the 3—rose labeled as in Figure 6. As in Example 5.4, the homotopy
equivalence f: I' = I' and subgraph H C I" are irrelevant and will not be specified.

a

FIGURE 6. The graph I' in Example 5.9.

There is an isomorphism 71 (I', %) 2 F = (x, 29, 23) where x; corresponds to the edge-path a
and xg corresponds to the edge-path b and x3 corresponds to the edge-path ¢. Fix a lift * of * to
I" that lies on the axes of x1, x2 and x3. We consider the edge-path from * to x%a:ﬂgxglxgli. We
fix lifts of a, b and ¢ respectively in T as pictured in Figure 7 and abusing notation continue to
denote them by a, b and c respectively. Then, in a similar way as in Example 5.4, we can see that
the 1-chain:

p = [% 2irezszy 'ogE] = a + z1a + 230 + 2iwac — ¥iwamzay b — wiomay Ty e

satisfies conditions (GNC1), (GNC2) and (GNC3). Let g1 = z1, g2 = a::{’xgxgx;l:cl_g and g3 =
x%xgngglxl_Z. Let * = qop + q191p + q292p + q3g3p. The 1-chain p along with these three
translates are pictured in Figure 7. Using the vertex corresponding to the identity in T}, we see
that sgn(g1) = —1, sgn(g2) = —1 and sgn(gs) = 1 and thus we have:

R(z) = qoXidy — ©1Xg1 — 42Xgo + 43Xgs-

For this p, the graph T}, is the 6-regular tree. The vertices and edges respectively with non-zero
values for the O—cochain R(z) and its coboundary doR(z) respectively are shown in Figure 8. From
this is it readily verified that ||z| = ||0oR(z)]|.

We can now show that R has the properties mentioned previously in this section.
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FIGURE 7. The Nielsen 1—chain in Example

1—chain z. The coefficient of x on the overlapping edges is also given

™
® G2
_ 3 -1
q1 + q2 T1T2X3T5 b
="
b
qQ +q1
g1p —qo + g3
[
- ° ° - o ° -1, —1z
® L & L & ® m%l‘gl‘glé Ty *
2 2 2 —1, -1
a ria xib Tix2cC 2 _1 TIT2T3T, Ty C
TIT223%5 b
gsp

9 and the translates determining the

g3 qo
q3 qo —q1 —(J2 —qo + q3 qo + q1 —q1 + q2
g1
q1 g2

qo g1 q1 Q2

FIGURE 8. The 0-cochain R(z) in Example 5.9 and its coboundary doR(z)

g3 qo

do q1

50 R(I)
For

0oR(x) the values are only defined up to sign as orientations on the edges are not

specified.

Lemma 5.10. The Q[F]-module homomorphism R: Vg — CO(T,

ments for all x € V.

(1) |R(@)| = HR(A?H(QU))H for all k>0, and

(2) llzll = lldo ()]

Proof. To simplify notation, we denote Ay g by A in the proof

Let © = qigip+ -+
+ ¢, ®%(gr)p. Hence it is apparent that for all k > 0 that

T
-3
j=1

We first verify (1).
A (z) = @3 (g1)p + -+

This shows (1).

| Reat (@)

"+ qrgrp € qu

p; Q) satisfies the following state-

As A(p) = p, for k£ > 0 we have that
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Next, we verify (2). Let x = qigip+-- -+ ¢rgrp € Vigt. As supp(gp) C E(f) - E(ﬁ') for all g € T,
we have:

r

> = )" al= > > 4(g5p)e

ecE(T) ecE(T)—E(H) \J=1

For the 1-cochain §yR(x) € CH(T,; Q), we have:

IS R@)* = Y (R@)(t()) - R(z)(0(c)))".

e€E(T))

As explained at the beginning of this section, an edge e € E(f) — E(ff ) corresponds bijectively to
the edge € € E(T),) where o(¢) = g and t(¢) = ¢’ and g, ¢’ € F are the unique elements so that e is
the unique edge in the intersection supp(gp) Nsupp(g’'p). We will prove item (2) by showing that:

2

S aigip)e | = (R(x)(d) — R(z)(9))”. (5.2)
j=1

There are three cases depending on the cardinality of {g,¢'} N {g1,..., 9}

If {g,9'y N {g1,...,9-} =0, then (gjp)e =0 for all 1 < j < r and R(x)(¢’) = R(x)(g9) = 0 and
thus both sides of (5.2) are equal to 0.

Next, suppose that {g,¢'} N {g1,...,9,} = {g;,}- Then (gjp)e # 0 only if j = j; and so the
left-hand side of (5.2) is equal to qul. Likewise, assuming without loss of generality that ¢’ = g;,,
we have R(z)(¢') = sgn(¢')gj, and R(x)(g) = 0 and so the righthand side of (5.2) is also equal to
0z, -
’ Lastly, suppose that {g,¢'} N {g1,...,9:} = {91, 9j.}- The left-hand side of (5.2) is equal to
(@, (g1 P)e + @i (gjap)e)?. If (gj1p)e = (gjnp)es i€., € is non-orientable, then this quantity equals

(gj, + 4;,)? Else if (gj,p)e = —(gj,p)e, then this quantity equals (gj, — gj,)>. Without loss of
generality, we assume ¢’ = g;, and g = gj, so that the righthand side of (5.2) equals (sgn(g;,)q;, —
sgn(9,)%5,)% If (gj10)e = (gjap)e, then sgn(gj,) = —sgn(gj,) and so in this case, the righthand

side equals (gj, + ¢;,)%. Else if (gj,p)e = —(gjop)e, then sgn(gj,) = sgn(g;,) and so in this case the
righthand side equals (gj, — gj,)%.
This completes the verification of (5.2) and thus completes the proof of item (2). O

We can now establish that the coboundary operator is bi-Lipschitz.

Lemma 5.11. There is a constant B > 1 such that for any ¢ € Cg(Tp;Q) :

B7H¢] < lldov ] < B -

Proof. Boundedness of the coboundary operator §p: C2(T,;Q) — CX(T,;Q) is well-known and
a simple calculation that we reproduce here. We note that any vertex in 7, has degree d =



CHAIN FLARING AND L2-TORSION OF FREE-BY-CYCLIC GROUPS 23

# |supp(p)|. We compute:

IBow > = D v = D (#(t(e)) - v(o(e)))?

EGE(Tp) EGE(TP)
< 3 dmax{u() ¢lo()}
ecE(T))
<dd Y W(g)? =4d |y’
9eV(Tp)

The last inequality is observed by organizing edges based on which vertex provides the maximal
value.

For the other direction, we fix a component Ty C T}, and let Fy = stab(Tp) € F. As any two
components of T, are isomorphic are graphs, it suffices to prove lower bound for ¢ € CY(Ty, Q).
Without loss of generality, we assume that T contains the vertex idp. As Fy acts freely and
transitively on the vertices of Tp, this implies that Fy is finitely generated. By (GNC3), Fy is
nonabelian.

We consider the Q[Fo]-modules C?(Ty, Q) and C}(Tp; Q) respectively as submodules of the
Hilbert spaces of square summable functions 1: V(Tp) — C, denoted L?(V(Tp)) and square sum-
mable functions ¢: E(Tp) — C, denoted L2(E(Tp)), respectively. These are finite dimensional
Hilbert-Fo-modules isomorphic to L?(Fg) and L?(Fo)™ where n is the number of Fo-orbits of edges
in Ty. The calculation above shows that the coboundary operator extends to a bounded operator
So: L2(V(Tp)) — L2(E(Typ)), which is clearly Fo—equivariant. It is easy to see that dg is injective
as the only functions with coboundary equal to the zero function are the constant functions and
the only constant function which is square summable is the zero function. We will prove the lower
bound for this operator. This will involve several definitions and some notation that is not need
elsewhere and so we refer the reader to the book by Liick [25] for these details as cited below.

As Fy is nonabelian and acts free and cocompactly on Ty, the first Novikov—Shubin invariant
a1(Th) is equal to +oo [25, Thoerem 2.55(5b)]. By [25, Lemma 2.3 & Lemma 2.4], this implies that
there is a constant A > 0 such that:

dims, (im B ) = Fyy(A) = dimg, (ker dg) = 0.

(Here 01 : L%(E(Tp))) — L*(V(Tp)) is the usual boundary operator—which is the adjoint of (50,{Ef1 %03
is the spectral family of 910y and Fj,: [0,00) — [0, 00) is the spectral density function of dp.) Hence,
E%%(y) = 0 for all ¢ € L*(V(Tp)) and by [25, Lemma 2.2(2)], this gives that [|Joy)[| > X[ for
all 9 € L?(V(Tp)) which are non-zero. This is the desired lower bound.

Thus setting B = max{2v/d, \"'} completes the proof of the lemma. O

With these estimates, the proof of Theorem 5.1 the geometric case is similar to the proof in the
non-geometric case.

Proposition 5.12. If V¢ is generated by a geometric Nielsen 1-chain, then there is a constant
C > 0 such that for any £ € Vq(f) and k > 0 we have C~1||¢]| < HA’}H(f)H < ]l

Proof. Let B > 1 be the constant from Lemma 5.11 and set C = B2. To simplify notation, we
denote Ay g by A in the proof.
We first prove the proposition for € Vi¢. By Lemmas 5.10 and 5.11 we find for any k > 0:

|4 @)|| = ||foRrA*@)| < B |[R(A*@)| = BIR@)I| < B [0R@)]| = C ] .
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Similarly for any k > 0:
lall = 5o R(@)| < BIIR(@)] = B |R(A* ()| < B2||doR(4" @) = € | 4*(@)||-

This proves the proposition for x € V.

)

The general case & € Vq(f2 now proceeds exactly as in Proposition 5.3. O

6. ISOLATING THE QUASI-FIXED SUBSPACE

The purpose of this section is Theorem 6.3 which proves that Vq(f2 ) equals the intersection

E(Afp,v) NF(Ap g, v ) for some v sufficiently close to and greater than 1 when f satisfies the
chain flare condition. We begin by showing that we can extend the chain flaring behavior from
rational 1-chains to L?-1-chains.

For 0 < 0 < 1 we set:

No(G) = {€ € LX) | (R(€),2) > 0 |R(E)] ]| and
(S(8),2")y > 0|39l Hx’” for some z,2’ € V4, }
where R(+) and &(+) denote the real part and imaginary part respectively.

Proposition 6.1. Suppose that the homotopy equivalence f: I' — I' satisfies the chain flare con-
dition relative to the f—invariant subgraph H C I'. Then there exist constants A > 1, 0 < 0 < 1

and N > 0 such that for any & € Ng(Vh(z))C>O we have:

M AN (&) < max {|[ 425 )], €}

Proof. Let \g > 1 and 0 < fp < 1 be the constants from (CFH2) for rational 1-chains in Ny, (14,)°°.
Let N € N be such that )\év > 2 and set A = )\(])V/Z Set 0 = %. To simplify notation, we denote
Ar g by A in the proof.

By Lemma 2.2 (3), we have that for any rational 1-chain z € Ny, (V},)>:

A A% @) = A 4% @] < max {42 o}
Now fix a chain £ € Ng(Vh(Z))Oo and decompose it as £ = & + i€ where £ = R(§) and & = (€).

As A is a real operator, we have HAN(f)H2 = HAN(@)H2 + HAN(&)HQ. Without loss of generality,

we may assume that ||AN(§1)H2 > % HAN(§)||2.
Let € > 0. There is a rational 1-chain x € Ny, (14)> such that each of:

22 [|AY (&) — AV (2)]], [|A*Y (&1) — AN ()|, and [[& — 2]
is less than e. Using the observation above, we find:
2M || AN (&)]| < 2 [|[AN (@) + €
< max {HAQN(SU)H , HxH} +e€
< max {|| A2V (&) ]|, [Ié1]|} + 2e.
As this holds for all € > 0, we have 2 HAN(fl)H < max {HAZN(&)H &} Therefore:
MAN©] < 22 ]| AN )|
< max {|| A%V (&)|], l&]I}
< max { | A*N(©)]|. ll¢]} -
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The last inequality again uses the fact that A is a real operator so that:

142V ()| < |42V )| + || 42N (&))" = 42N @)

0

The proof of Lemma 2.2 carries over to L?>-1-chains £ € Ng(Vh(Q))Oo using Proposition 6.1 in
place of (CFH2).

Lemma 6.2. Suppose that the homotopy equivalence f: I' — I' satisfies the chain flare condition
relative to the f—invariant graph H CT andlet A\ >1,0< 60 <1 and N > 0 be the constants from
Proposition 6.1. The following statements hold.

(1) I € € No(Vi), j 2 1 and A|| a5, (0)|| < [[ AT @), then || 475, 0)| < el
(2) 1€ € No(Vi?)™, 2 1 and Alig] < 40|, then ¥ i) < || 475 0)

We can now prove the main result of this section.

Theorem 6.3. Suppose that the homotopy equivalence f: I' — I' satisfies the chain flare condition
relative to the f—invariant graph H C I'. Then there is a constant A > 1 such that for any1 < v < A
we have

VY = &(Apuv) N§(Apm v,
Proof. Let \g > 1,0 <8 <1 and N > 0 be the constants from Proposition 6.1 and set A = Aé/N.

Fix a number 1 < v < A. To simplify notation we denote Ay by A in the proof.
We begin by showing that Vq(f) C ¢(Apm,v) NF(Afg,v~t). Suppose that & € Vq(fQ). By
Theorem 5.1, there is a C' > 0 such that C~'[[£]| < [[47(&)]| < C[¢]| for all j > 0. Thus

£ € €(A,v) for any v > 1 as witnessed by the constant sequence §; = £. Next, take a sequence
zj € C® Vg so that lim;_« [|z; — || = 0. For each j, there is a complex 1-chain y; € C® V¢
such that A7(y;) = x;. Indeed, writing x; = 2z1;91p + -+ + 2r, jgr, jps We observe that y; =
zqu)J?J(ng)p + -+ zrj7j<1>;3(grj7j)p satisfies A7(y;) = x;. Then lim;_, ||A7(y;) —£|| = 0 and
ly; Il < C||A9(y;)|| < 2C[|€]| for large enough j showing that ¢ € F(A,v~!) for any v > 1 as
witnessed by the sequence {; = y;. This shows that Vq(fQ) CeA,v)nFA,vh.

We next demonstrate that E(As g, v) NF(Arm,v=1)N Vh(z) = {0}. From this it follows that
Vq(fQ) = &(A,v)NF(A,v71) as claimed since L?(F)™ = Vh(z) + Vq(f).

To this end, we suppose that ¢ € F(A,v~1)N Vh(2) as witnessed by a sequence (§;) C L*(F)"#. In
other words, lim;_,o || 47(&;) — £|| = 0 and limsup;_, ., H@Hl/j <v. As¢ e Vh@), there isa J > 0
such that A7(&;) € Ng(Vh(Z)) for j > J. Hence &; € Ng(Vh(z))Oo for j > J. Let S C N be the subset
of j > J/N where:

Xo |47 (€] < || 45N ()|
By Lemma 6.2 (1), for j € S we have )\g HAjN(ij)H < ||&n]. If S is an infinite set, then
lim sup H§J-N||1/jN > )\é/N =A>v,
Jj—00

which contradicts the choice of the sequence (&;). Hence for large enough j, by Proposition 6.1 we
must have:

Ao HA]N(SJN)H < )‘ASE7+1)N(£]N)“ .
Taking the limit as 7 — oo we find that g ||£|| < HAN(g)H
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Next, we suppose that £ € (A, v) N Vh(2) as witnessed by a sequence (&;) C L?(F)™. In other
words, lim; o [|§; — &|| = 0 and limsup,_, HAj(ﬁj)Hl/j < v. As AV is a bounded operator, we
also have that lim;_,o ||AN (&) — AV (¢)|| = 0 and limsup;_, HANH(fj)Hl/j <v. As € Vh(2),
there is a J > 0 such that &; € Ng(Vh(2)) for j > J. Hence AN(¢;) € Ng(Vh(2))°° for j > J. Let
S C N be the subset of j > J/N where:

Xo [[AN (&) || < 14N )| -
By Lemma 6.2 (2), for j € S, we have )\6 AN (&) < HA(jH)N(ij)H. If S is an infinite set, then

hmsup HAN+]N Hl/jN > /\I/N A> v,
j—

which contradicts the choice of the sequence (&;). Hence for large enough j, by Proposition 6.1 we
must have:

Do [[AY (&) < NIl -
Taking the limit as j — oo we find that Ao | AN (&)|| < [|€].
Now consider ¢ € €(4,1)NF(A, v~ )NV, As € € F(A, )NV we have Ao [|¢]| < [[AN(©)]].
As¢e€E(A,v)N Vh(2) we have Ao ||AN (&) < [I€]|. Hence A3 [|€]| < [|€]], which is impossible if £ # 0
as \g > 1. O

Remark 6.4. If Cl(f,ﬁ; Q) = Vi @ Vi and the Q[F]-module V;, is Ay p—invariant, then the
conclusion of Theorem 6.3 holds under the weaker hypothesis of (CFH2) where we only insist that
x € V4. We sketch the modifications necessary for the proof of Theorem 6.3. Clearly, we still

have Vq(f2) C &(Arp,v) NF(Apg,vt). Take & € F(Afrm,v)N Vh(2) as witnessed by a sequence
(gj) C LX(F)™. Write & = €8 + £ where € € V¥ and € € VP, As 4} (e € V) and
7€) € VI we have A7 1 (¢h) — € and A% (69 — 0. Since ng H <C HA Gl

§?f — 0 and hence:

1/4
hmsupHA @)H —thUPHAfH fj)H ’

j*)OO ]4)00
In other words, we can assume that the sequence witnessing { € §(Ay g, )N Vh(z) lies in Vh(2). Thus
as long as (CFH2) holds for elements of Vh(2) we can still conclude that g [|€]| < [|AN(€)]]-

A similar statement is true for & € (A g, v) N Vh(2). Hence we may weaken the hypothesis on
(CFH2) to © € W;,. The chain flare assumption is written with the subset Ny(14,)> as it is not
obvious how to find an invariant direct sum complement to V.

7. THE RESTRICTION TO THE QUASI-FIXED SUBSPACE

The purpose of this section is two-fold. Firstly, we will compute the determinant of the operator
I— Lk tH restricted to the subspace Wé?) C L2(G¢)"H corresponding to the quasi-fixed subspace

Vq(f) C L?(F)"#. This takes place in Section 7.2 (Theorem 7.3). To make the statement precise,
we first recall the notion of induction of Hilbert-G—modules and morphisms which takes place in

Section 7.1. Secondly, we extend Theorem 6.3 to the operator Ly showing the equality between

Wé? ) and the intersection E(Lyg,v)NF(Lymg,v 1) for v sufficiently close to and greater than 1
when f satisfies the chain flare condition.
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7.1. Induction. Let G be a countable group and H a subgroup of G. By ¢«: H — G we denote
the natural inclusion. Given a Hilbert—H-module U, the Hilbert space completion of C[G] ®c(z U
is a Hilbert—-G-module denoted ¢,U. A morphism A: U — V of Hilbert—H-modules induces a
morphism ¢, A: .U — 1,V in the obvious way. For more details see [25, Section 1.1.5]. The main
properties of induction we use with regards to the Fuglede-Kadison determinant and the Brown
measure are recorded below.

Lemma 7.1. Lett: H — G be an injective group homomorphism and let A: U — V be a morphism
of finite dimensional Hilbert—H —modules. The following statements hold.

(1) detg(1+A) = detg(A).
(2) pu.a = pa.
Proof. Ttem (1) is [25, Theorem 3.14 (6)].
Item (2) follows from (1) as p4 is the Riesz measure associated to 5-V?logdety(A — 2I) and

e, A is the Riesz measure associated to %Vz log detg(1+A—2I) [8]. By (1) these two functions are
identical. O

7.2. The induced quasi-fixed subspace. Let f: I' — I' be a homotopy equivalence and let
H C T be an f-invariant subgraph. We will use the set-up and notation from Section 3.3. In
particular, we have an presentation of G4 as a semi-direct product Gy = F xg, (t). The inclusion

v: F — Gy gives rise to an inclusion Vq(fQ) C L*(F)"# C L*(Gg)"® and we define Wc(lfg) to be the

closure of @, tZVq(fQ) in L?(Gy)™#. In other words, Wég) = L*Vq(fz).

Proposition 7.2. If Wé?) is montrivial, then it is isomorphic to L*(Gy) as a Hilbert-Gy-module.

Proof. We will show that if Vq(f ) is nontrivial then it is isomorphic to L?(FF). This implies the
statement of the proposition as L?(Gy) = 1, L?*(F).

Let p = 7§ ([u,v]) € C1(T', H;Q) be the Nielsen 1-chain generating Vyt- We define an F-
equivariant operator O: Q[F] — Vi¢. Given x = qig1 + - + ¢rgr € Q[F], we set O(z) = qig1p +
-+ qrgrp € Vgt Clearly, this map is a Q[F]-module surjective homomorphism. We will show that
there is a constant D > 1 such that:

D7 lall < O(@)]] < D ||«

This shows that O is injective and extends to a Hilbert-F-module isomorphism O: L?(F) — Vq(f2 )

as claimed. To this end, there are two cases depending on whether p is non-geometric or geometric.
Case 1: p is non-geometric. Let B > 1 be the constant from Lemma 5.2 and set D = v B.

Given z = ¢191 + - - + ¢+ g9r € Q[F] we have ||:1:||2 = Z;zl qJQ-. Applying the estimate in Lemma 5.2
with £ = 0 we find:

]| < [|O(2)|| < D =]
This proves the proposition in the the non-geometric case.

Case 2: p is geometric. We will make use of the realization map R: Vg — CO(T,; Q) and the
sign map sgn: F — {—1,1}. Let U: Q[F] — C%(T,;Q) be the Q[F]-module isomorphism defined
by:

Ulqagr + -+ argr) = qusgn(gi)xg + -+ + ¢ sgn(gr)xg, -
(Recall x4 is the characteristic function of the set {g} C V(T},).) We observe that ||U(x)| = ||z||
and that U = RO. Let C be the constant from Proposition 5.12 and set D = +/C. As shown
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in the proof of Proposition 5.12 with k& = 0, we have |O(z)|| < D ||RO(z)|| < D?||O(z)|. As
|lz|| = ||U(2)|| = [|[RO(x)||, this proves the proposition in this case. O

We recall the operator Ly p: L?(Gg)"# — L*(Gy)" defined in Section 3.3. This operator is
easily expressed using the current set-up as follows. Given £ € Lz(G¢)"H , we write { =), tte®
where ¢ € L2(F)™#. Then:

L(€) = 3t A7 u(69). (7.1)
Lel

In particular we see that w®

. . . 2) . . .
of 18 Ly p—invariant as Vq(f) is Ay p—invariant.

Theorem 7.3. Suppose that the homotopy equivalence f: I' — I' satisfies the chain flare condition
relative to the f—invariant graph H C I'. Then for any k > 0, we have

logdetg, (I — L} 5) ‘wgﬁ =0.

Proof. If Wo(1f2 ) = {0} then the proposition holds as log det, (0) = 0 by definition. Thus we assume

that Wé?) # {0} and we let O: L*(Gy) — WO(I?) be the isomorphism from Proposition 7.2.

Let P: L2({t)) — L?((t)) be the morphism given by right multiplication by 1 — t*. We have
logdety(P) = 0 [25, Example 3.22]. Let /: (t) — Gg be the natural inclusion. We observe that

I-— L’}H|W(2) = O(/,P)O~!. Indeed, consider z = t(q1g1p + - - + @vgrp) € tZqu. Then using the
} af
relation tk@lfc(g) = gtk for all g € F and k > 0 we find:

(I - Lk (@) =2 —t"F AL plagip+ - + argrp)
=z — "M@ (g)p+ - + @)
=z —t"qgp+- +agop)t*
= (1 —t%).
Hence by Lemma 3.1 and Lemma 7.1 (1) we find:
log detg,, (I — L?H ‘Wc(lfz) = log detg, (1, P) = log det 4y (P) = 0.
as claimed. 0

7.3. Isolating the induced quasi-fixed subspace. Using the expression in (7.1) for Ly g we
can extend Theorem 6.3 to the operator L p.

Theorem 7.4. Suppose that the homotopy equivalence f: I' — I' satisfies the chain flare condition
relative to the f—invariant graph H C I'. Then there is a constant A > 1 such that for any1 < v < A
we have

Wéf) = (L, ) NF(Lym,v ).

Proof. Let A be the constant from Theorem 6.3. Fix a number 1 < v < A. To simplify notation we
denote Ly by L and Ay i by A in the proof.

The proof that Wé?) C &(L,v) NF(L,v1) is similar to the proof of Vq(f) CeArHng4,v)
in Theorem 6.3. Indeed, by (7.1), it is apparent that C~* ||| < [|[Z7(¢)|| < C[|€]| for the same
constant C' > 1 and for all 7 > 0.

Now suppose that £ € §(L,v 1) as witnessed by the sequence (§;) C L?(Gy)"H. In other words,
lim; o0 HLj(gj) — EH = 0 and lim;_, ||£j||1/3 < v. Using the decompositions { =, tte® and
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{4 . ; iaqe(2 . il
§ = vez tfgj(. ) for each 7, we have that L7 (£;) = 3, t*1 AY (53( )). Hence lim; 0 HAJ (§]( )) - §ZH =
0 in L?(F)"# and
1/4 .
lim sup Héj(.e)H < lim sup ||&; ]|V < v
j—00 j—o0

so that €©) € F(A, v~ 1) for each £.

Similarly, if ¢ € €(L,v) then writing & = 3", t*¢) we have that £) € €(A,v) as well for each
e Z.

Hence if £ € &(L,v) NF(L,v 1) then writing & = Y ez 4@ for each £ € Z we have £ ¢ Vq(fz)

by Theorem 6.3 and so £ € Wé? ) as desired. O

8. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1, the main theorem of the article. It is restated below for
convenience.

Theorem 1.1. Suppose that f: T' — I is a homotopy equivalence that respects the reduced filtration
f=TocTlyC--Clg=T andthat f: T — T represents the outer automorphism ¢ € Out(F). If
the restriction of f to T, satisfies the chain flare condition relative to T, NTs_1 for each s € EG(f),
then

PG = Y [ toglldus,,. (8.1)
s€EG(f) 1<z

Moreover, each integral in (8.1) is positive and hence —p?)(G4) > 0.

Proof. Let f: I' = T' be as in the statement of the theorem. By Theorem 3.2, for all £ > 1 we have

p(z)(G¢k) = kp®(Gy). According to [0, Remark 4.8], for all k > 1, we have t* Jy (f*)s = (tJ1(f)s)*.

This implies that L? s = teLyr g where 11 Gy — Gy is the natural inclusion. According to [5,

Theorem 4.1] p Lk is the push-forward of p, . under the map z — 2*. Hence using Lemma 7.1 (2)

we have:

/ log |z| dpr, =/ log |2| dppn =/ log |2|" dpy, =k/ log |z| dur, -
|z]>1 ’ |z]>1 frs |z]>1 |z]>1

In other words, both sides of (8.1) scale upon replacing f by a power and so we are free to assume
that the image of every vertex is fixed by f and the set-up in Section 3.3 applies.

Again applying Theorems 3.2 and 3.3 and Lemma 7.1 (1), we see that the L?-torsion —p(2)(G¢)
can be expressed in the following way for any k£ > 1:

1 1
s€EG(f)

1
_ - Z logdetg, (I — tuLpn ) = Z Z log detg, (I — L?s).
S€EG(F) s€EG(f)

Thus, by Theorem 4.1 (3), using the function h(z) = 2*, we have for each k > 1 that:

1
—P(Go) =1 D /10g‘1 - Z’“( dpr, ..
seeg(f)”C
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We claim that for each s € £G(f) that:

k—o0

1
lim — log‘l —zk‘ dur,, :/ log|z| dpur,; - (8.2)
k Jc ' 1<|z| 7

To verify (8.2), fix an index s € £G(f). Let fs denote the restriction of f to the f—invariant
connected subgraph I, C T". There is a corresponding free-by-cyclic subgroup Gy, C Gy. Let H
denote the fs-invariant subgraph I', NTx_; C I",. For the natural inclusion /': G4, — Gy, as
Ly =1Ly g, we have BL;, = L, n Dy Lemma 7.1 (2). Hence it suffices to verify (8.2) using the
measure . . To simplify notation, denote we denote the operator Ly, g by L for the remainder.

Let A > 1 be the constant from Theorem 7.4 applied to the homotopy equivalence fs: I, — I,
which satisfies the chain flare condition relative to the graph H by assumption. Fix 1 < v < A. We
decompose the integral along the circles |z| = v~! and |z| = v as follows:

1 1 1
/logll—zk’duL—/ log‘l—zk‘d,uL—i—/ log‘l—zk‘d,uL
k Jc k |z]<v—1 k v=1<|z|<v
1
—I—/ log‘l—zk‘d/@.
v<|z|

We treat these three integral separately.
By Theorems 4.4, 7.3 and 7.4, we have:

/ log‘l—zk‘ duLzlogdetGM(I—Lk)‘ 0.
v=1<|z|<v ’

2) —
wi

Notice that for all z € C with |z| < v~!, we have:

1/k
’ =1 and

1/k
lim ll—zk log‘l—zk‘ ‘S}log(l—u_l)}.
k—o0
As constant functions are pz-—measurable since ur(C) < oo (Theorem 4.1 (2)), by the Lebesgue

dominated convergence theorem we find:

— log’l—z‘duL: log‘l—z) dur — 0, as k — oo.
k |z|<v—1t lz]<v—1

Likewise, let r = max{||L| ,v} + 1 and thus ur({z € C | |2| > r}) = 0 by Theorem 4.1 (1). For
all z € C with v < |z| < r, we have:

1/k
lim ‘1—2’“‘ log‘l—zk

=|z| and
k—o0

< max{|log(v — 1)|,log(1 + r)}.

1/k:‘

Hence, by the Lebesgue dominated convergence theorem again, we find

1
/ log‘l—zk‘d,uL:/ log‘l—zk
k v<|z| v<l|z|<r

— log |z| dur, = / log |z| dur as k — oo.
v<|z|<r v<|z|

1/k
‘ dpr

Hence, combining these three calculations we have

1 L L/
lim Z log ’1 —z ’ duy, = log |z| dur,
C v

k—o00 <|z|
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for all 1 < v < A and so (8.2) holds. Thus

1
()(G¢ _k]i}rgo Z /log’l—z dpr,, = Z /<Zlog|z] dpr,,

se&G(f

as desired verifying (8.1).

It remains to show that each of the integrals in (8.1) is positive. As the operator L is given by
right-multiplication by a matrix with coefficients in Z[Gg ], we have log detg, (L) > 0 according
to [25, Theorem 13.3 (2) and Lemma 13.11 (4)]. Therefore, we find

0 <logdetg, (L) = / log |z| dur, :/ log |z| dur, —i—/ log |z| dpr.
C |z]<1 1

<|z|
As log|z| < 0 when |z| <1 and 0 < log |z| when 1 < |z[, if

| toglel dus =0
1<]z|

then pp({z € C | |z] # 1}) = 0. However by Theorem 4.1 (2) we have py(C) = ng > 2 and
by [20, Main Theorem 1.1], Proposition 7.2 and Theorem 7.4 we have ur({z € C | |z| = 1}) =

dimgd)’S(Wéfz)) < 1. Hence, ur({z € C | |z| # 1}) # 0 showing that the integral is indeed

positive. 0

9. APPLYING THE CHAIN FLARE CONDITION

In this final section, we include some final remarks about the chain flare condition. First, we
explain how a CT representative f: I' — I' can be used to find a natural candidate for the quasi-
fixed submodule V¢ associated the homotopy equivalence fy: I, — I", that satisfies (CFH3). We
will not give the complete definition of a CT (completely split relative train-track map), but only
recall the properties we require as needed. See the works by Feighn—Handel [15] and Handel-
Mosher [21] for full details on CTs. Second, we present an example for consideration in which the
chain flare condition simplifies. Lastly, we include some remarks about applying the techniques of
this paper to ascending HNN-extensions over free groups.

9.1. A candidate for the quasi-fixed submodule. First, we recall the notion of Nielsen path
from which the notion of Nielsen 1-chain is modeled. A non-trivial edge-path « in I' is a Nielsen
path if f(-y) is homotopic rel endpoints to . In particular, the endpoints of a Nielsen path v are
fixed. We say the Nielsen path p is closed if the endpoints are the same. In a CT, the endpoints of
a Nielsen path are vertices [15, Definition 4.7 (4)].

Suppose that f: I' — I' is a CT with respect to the filtration ) = I'o c I'; € --- € I's. By
definition, the filtration is reduced [15, Definition 4.7 (3)]. Fix an index s € £G(f) and let f; denote
the restriction of f to the connected subgraph I", and let Fy denote the subgroup (well-defined up
to conjugacy) determined by I',. Let H denote the fs—invariant subgraph I, N"T's_; C I',. Up to
reversal of orientation, there is at most one Nielsen path contained in I", that is not contained in
H [15, Corollary 4.19 eg-(i)].

If there is no such Nielsen path, we set Vs = {0}. Else, let v, be the Nielsen path and let
« € V(I')) be one the of the endpoints of . We fix a lift € V(I',) of * € V(I',) and a lift
fo: T = T of fy: T, — T, that fixes *. There is a lift 75 of v, to I, so that one of its endpoints
is ¥; let v € V(f’s) be the other endpoint of 75. As s is fixed up to homotopy rel endpoints by fs,
we have fs(v) = v. We claim that p = 75;([%,v]) € Oy (I'.; H; Q) is a Nielsen 1-chain. To this end,
there are two cases depending on whether or not ~; is closed.
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If the Nielsen path 75 is not closed, then there is an edge e € E(I",) — E(H) is is crossed exactly
once by s [21, Fact 1.42 (1)]. The lift of this edge to I, contained in 7, satisfies item (NNC1) and
so p is a non-geometric Nielsen—1-chain in this case. (In this case, the stratum corresponding to
I, is a termed a non-geometric stratum.) We set V¢ to the Q[F]-submodule generated by p.

If 5 the Nielsen path is closed, then every edge in E(I",) —E(H) is crossed exactly twice by s [21,
Fact 1.42 (2)]. Moreover, there exists a weak geometric model for fy: I, — I', [21, Fact 2.3]. This
includes the following data [21, Definition 2.1]:

(1) a compact connected surface ¥ with negative Euler characteristic and non-empty boundary
whose components are 0¥ = X U - U 0 2;

(2) a2-complex Y that is the quotient of attaching 3 to I's_; via given homotopically nontrivial
maps 0;X — g1, j=1,...,m;

(3) an embedding I, — Y extending the embedding I's_; — Y where Y — (I, U 9yX) is an
open 2—disc; and

(4) the boundary component 9y is homotopic in Y to ~s.

In this case, we claim that p is a geometric Nielsen—1-chain. We verify the three items in turn.

Firstly, suppose g € F is nontrivial and supp(p) N supp(gp) is non-empty. Let 8 be the maximal
subedge-path of the edge-path 7, such that g8 C 7. Suppose there are two edges in § that lie
in E(F’) E(H ) Taking an innermost pair, there is a subedge-path of 3 of the form e; - B e
where ey, e € E(I',) — E(H) and ' is a (possibly trivial) edge-path in H. If 8’ is trivial, the Vertex
corresponding to 3’ has valence two as ¥ is a surface. However, in a CT, we can always arrange that
the only vertices of valence two in I", either lie in T's_1 or else are an endpoint of a Nielsen path. If
B’ is non-trivial, then its image in I's_; C Y corresponds to one of the boundary components 9;%
for some j = 1,...,m. In this case, we see that the endpoints of 5’ have the same image in Y and
the link of this vertex in ¥ is disconnected. This is a contradiction as X is a surface. Therefore we
see that supp(p) N supp(gp) can contain at most one edge of E(I",) — E(H), verifying (GNC1).

Next, as every edge in in E(T",) — E(H) is crossed exactly twice by ~s, we see that (GNC2) holds.

Lastly, using the language of Section 5.2, let Ty C T, be the component that contains idp,.
The stabilizer of T is the subgroup m(X) C Fy, which is well-defined up to conjugacy. As this
subgroup acts transitively on the vertices of Tj, we have that the elements of 71 (X) corresponding
to the vertices adjacent to idp, generate 71(X). As ¥ has negative Euler characteristic, m1(X) is
non-abelian and hence at least two of these elements do not commute, verify (GNC3).

Hence, p is a geometric Nielsen—1—-chain in this case. (In this case, the stratum corresponding to
I, is termed a geometric stratum.) We set Vy¢ to the Q[F]-submodule generated by p.

As every outer automorphism ¢ € Out(FF) has power that is represented by a CT [15, Theo-
rem 4.28, Lemma 4.42], we see that up to replacing ¢ by an iterate, we have a natural choice for
Vgt for which (CFH3) holds.

Remark 9.1. Tn order to show that —p(®)(Gy) > 0 for all ¢ € Out(F) that are fully irreducible,
it suffices to assume that H C T is a single vertex (hence can be ignored) and that Vg = {0}.
Indeed, if a CT map for ¢ has a Nielsen path, then the stable tree T} is geometric (as an R-tree) [2,
Theorem 3.2]. Hence if CT maps for both ¢ and ¢! contain Nielsen paths, then both T, » and
Ty-1 are geometric. According to [19, Corollary 9.3], this implies that ¢ is induced by a pseudo-
Anosov homeomorphism of a surface and hence —p(?) (Gg) > 0 as it the volume of the corresponding
mapping torus. Therefore, we may assume that a CT map for ¢ or ¢~ does not have any Nielsen
paths and since Gy = G4-1, it suffices to work with the corresponding outer automorphism.
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9.2. An example to consider. We formulated the chain flare condition in generality so that it
could apply to a general free-by-cyclic group, where we represent the monodromy ¢ by a CT map.
However, there are many free-by-cyclic groups for which the chain flare condition has a simpler form.
For instance, consider the following automorphism of the free group of rank 3, F = (x1,x9, z3),
given by:

D(x1) =29, P(x2) =23, and P(x3) = x129.

The obvious topological representative of ® on the 3-rose f: R3 — Rj is an irreducible train-track
map with no Nielsen paths (same for ®!) and so one would set H = x (the unique vertex of
R3), Vgt = {0} and W, = Cl(fig;(@). In this case, Ay: Cl(ﬁg;@) — C’l(IA?:g,Q) is a vector space
isomorphism and one may verify the chain flare condition for an appropriate power by exhibiting
constants A > 1 and N > 1 such that for any integral 1-chain = € C1(]§3; Z) we have:

Mall < max {[|4¥ @], || 47" @) } -

9.3. Ascending HNN-extensions. An ascending HNN-extension of a free group F is the group
given by a presentation:

Fsy = (F,t |t tat = ®(x) for z € F)

where W: F — F is an injective endomorphism. Beyond being generalizations of free-by-cyclic
groups, ascending HNN-extensions arise naturally in the study of free-by-cyclic groups and the
study of injective endomorphisms has seen increased interest lately [12, 29, 31].

The discussion in Section 3.3—in particular Theorem 3.3—holds for ascending HNN-extensions.
Where the similarity breaks down and further analysis is necessary is in Section 7. The key
distinction between the free-by-cyclic and ascending HNN-extension cases lies in the way that
L?(F) sits inside L?(F x¢ (t)) versus the way it sits inside L?(F*y) when W is non-surjective. In
both cases, the relevant Hilbert space is the closure of the direct sum of a number of copies of L?(F),
indexed by coset representative of F in the relevant group. In the free-by-cyclic case, we have that
the operator Ly p respects this direct sum decomposition as written in (7.1), whereas this is not true
in the ascending HNN-extension case when W is non-surjective. This poses a problem in the proof
of Theorem 7.4. One can create examples for n > 1 of the form & = ¢t~ 1¢(M) 4 gt—1£() ¢ L?(Fxy)

where ¢, ¢2) ¢ L%(F) and g € F — ¥(F) such that A?H({(l)) A’;C’H(f(m)H ~ 2F and yet
27" || Ly a(§)]| < |€]|- See the schematic in Figure 9 contrasting the two settings.

2
LA(E) tL2(IF)
L I 2 L*(F) tgt— L*(F) [
f L*(F) Lg
—172
LA tLL2(F) gt~ L2(F) tgt2L%(F) tgt ‘gt~ L*(F)
L3(F x4 (t)) L?(Fxy)

FicUre 9. Contrasting the free-by-cyclic setting with the ascending HNN-extension setting.
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